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NOTE ON MULTIDIMENSIONAL
BREEDEN-LITZENBERGER REPRESENTATION FOR
STATE PRICE DENSITIES
JARNO TALPONEN AND LAURI VIITASAARI
Abstract. In this note, we consider European options of type
h(X1T , X
2
T , . . . , X
n
T ) depending on several underlying assets. We give a
multidimensional version of the result of Breeden and Litzenberger [2]
on the relation between derivatives of the call price and the risk-neutral
density of the underlying asset. The pricing measure is assumed to be
absolutely continuous with respect to the Lebesgue measure on the state
space.
1. Introduction
Option valuation is one of the most central problems in financial mathe-
matics. However, in many models of interest the option valuation cannot be
solved in closed form and thus different approaches have been developed. For
instance one can use partial differential equations (PDE) or partial integro-
differential (PIDE) methods, Monte Carlo methods, or tree methods (see e.g.
[10], [11] and [9]). One approach to value complicated structured products
is to determine their values in terms of the values of simple derivatives of the
underlying such as call options and digital options. This is essentially static
hedging. In the work of Breeden and Litzenberger [2] the authors showed
that if the second derivative of the call option price V C(K) with respect to
the strike exists and is continuous, then the price of European option with
payoff f(XT ) is given by
(1.1) V f =
∫ ∞
0
f(a)
d2
da2
V C(a)da
where we treated the short interest rate as 0 for the sake of simplicity. Thus
the second derivative of the strike price of the call with respect to the strike
price is the state price density of the underlying asset XT . This result has
significant applications especially to static hedging which is a field of active
research. For more details and discussion, see for instance Carr [5], [4] and
references therein.
In this article we derive multidimensional version of the Breeden-Litzenberger
type representation of the state price density. In other words, if the distri-
bution of the underlying asset XT is absolutely continuous with respect to
the Lebesgue measure, we show that then the density can be derived from
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the partial derivatives of the price of rainbow options with payoff
hp(x,K,K) =


(
n∑
i=1
((xi −Ki)
+)p
)1/p
−K


+
,
where 0 < p <∞ and XT is a vector of asset prices at maturity.
The benefit of our results is that they cover a wide class of models. In par-
ticular, we only assume that at least one pricing measure for XT exists. We
do not assume that it is unique. Moreover, we consider general underlying
assets XT . Hence our results are valid in models which may be complete or
incomplete, or discrete or continuous in time.
2. Results
In our market model we will assume deterministic interest rate. Thus, with-
out loss of generality, we may omit the interest in calculations. We denote
by mn the Lebesgue measure on IR
n and we denote it simply by m if there
is no danger of confusion. Denote IRn+ = [0∞)
n.
In a general model the law of XT under Q is not necessarily absolutely
continuous with respect to Lebesgue measure m on IRn+. However, typically
the state-price density is absolutely continuous with respect to the Lebesgue
and then we have nice representations for it. It was shown by Breeden and
Litzenberger [2] that in 1-dimensional case the risk-neutral density can be
obtained by taking the second derivative of the strike price in the call’s price
functional. In this section we derive similar result for multidimensional case.
Let 0 < p <∞. We define a function hp : IR
2n+1
+ → IR+ by
hp(x,K,K) =


(
n∑
i=1
((xi −Ki)
+)p
)1/p
−K


+
.
We will denote by V p(K,K) the corresponding price of European rainbow
option with payoff hp(XT ,K,K). We will also consider function h∞ given
as a limit
h∞ = lim
p→∞
hp,
and the corresponding price given by V∞. We begin with some results on
relation between prices V p with different values of p.
Lemma 2.1. Let (K,K) ∈ IRn+1+ be arbitrary. For every x ∈ IR
n
+ we have
(2.1) h∞(x,K,K) =
(
max
i
(xi −Ki)
+ −K
)+
,
and
(2.2) V∞(K,K) = lim
p→∞
V p(K,K).

Proposition 2.1. Let 0 < p ≤ ∞. Then we have
(2.3)
n∑
i=1
lim
Kj→∞
j 6=i
V p(K1, . . . ,Kn, 0) = V
1(K1, . . . ,Kn, 0)
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for all K1, . . . ,Kn. The similar conclusion holds for the corresponding payoff
functions with limits taken pointwise.
Proof. It is easy to see that the statement about the payoff functions holds in
the sense that the limits are taken pointwise. Let now K1 ⊂ . . . ⊂ Kn ⊂ . . .
be a sequence of compact sets such that Kn ↑ IR
n
+. Now (2.3) follows by
considering expectations IE[hp]1XT∈Kn and applying monotone convergence
theorem. 
Lemma 2.2. Suppose that Q << m on [0,∞)n. Then
dQ
dm
(K1, . . . ,Kn) =
∂n
∂K1 . . . ∂Kn
Q
(∧
i
(XiT ≤ Ki)
)
m−a.e.
Proof. Let dQdm be the Radon-Nikodym derivative of Q. Observe that
Q
(∧
i
(XiT ≤ Ki)
)
=
∫
1X1
T
≤K1 . . . 1XnT≤Kn
dQ
dm
dm
=
∫ K1
0
. . .
∫ Kn
0
dQ
dm
(x1, . . . , xn) dxn . . . dx1.
According to Lebesgue’s differentiation theorem the right hand side is dif-
ferentiable with respect to K1 for m1-a.e. K1 ≥ 0. The set of tuples
(K1, x2, . . . , xn), where this differentiability fails is m-null, so that we may
disregard it. By proceeding in this manner and differentiating n times alto-
gether we obtain the statement. 
Theorem 2.1. Suppose that Q << m on [0,∞)n. Then
dQ
dm
(K1, . . . ,Kn) =
∂n
∂K1 . . . ∂Kn
n∑
i=1
∂
∂Ki
V∞(K1, . . . ,Kn, 0) m−a.e.
Proof. Denote by 1 = (1, 1, . . . , 1, 0) ∈ IRn+1. Here we apply the elementary
fact that in the case with continuous partials the directional derivative can be
calculated by taking the inner product of a gradient and a direction vector.
It is easy to see that the above partials are continuous in an open subset of
the state space IRn+ with m-null complement. The directional derivative of
the payoff function satisfies
D1h∞(X
1
T , . . . ,X
n
T ,K1, . . . ,Kn, 0) = −max
i
1Xi
T
>Ki
when defined. This limit on the left hand side is both defined and uniform
on compact subsets of
¬
∧
i
(XiT = Ki)
which has clearly Q-null complement. By the uniform convergence and the
fact that Q is a Radon measure we get
IE(−max
i
1Xi
T
>Ki
) = IE(D1h∞(XT ,K1, . . . ,Kn, 0))
= D1IE(h∞(XT ,K1, . . . ,Kn, 0)) = D1V
∞(K1, . . . ,Kn, 0).
On the other hand, 1−IE(maxi 1Xi
T
>Ki
) = Q
(∧
i(X
i
T ≤ Ki)
)
. The argument
is finished by Lemma 2.2. 
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Proposition 2.2. The following equality holds
∂+
∂Kj
V 1(K1, . . . ,Kn, 0) = −Q(X
j
T ≥ Kj).
Similarly,
∂+
∂Kj
h1(X
1
T , . . . ,X
n
T ,K1, . . . ,Kn, 0) = −1Xj
T
≥Kj
.
Proof. The proof is similar to that of Theorem 2.1. It is easy to see that the
right derivative in the latter statement coincides with −1
Xj
T
≥Kj
. In fact,
h1(x1, . . . , xn,K1, . . . ,Kj + ǫ, . . . ,Kn, 0)− h1(x1, . . . , xn,K1, . . . Kn, 0)
ǫ
tends to −1
Xj
T
≥Kj
as ǫ → 0+ and even uniformly so in compact subsets of
¬(XjT = Kj). Therefore
−Q(XjT ≥ Kj) = IE(−1Xj
T
≥Kj
) = IE
(
∂+
∂Kj
h1(X
1
T , . . . ,X
n
T ,K1, . . . ,Kn, 0)
)
=
∂+
∂Kj
IE(h1(X
1
T , . . . ,X
n
T ,K1, . . . ,Kn, 0)) =
∂+
∂Kj
V 1(K1, . . . ,Kn, 0).

Theorem 2.2. Suppose that Q << m on [0,∞)n. Then
dQ
dm
(K1, . . . ,Kn) = lim
K→0+
∂n+1
∂K1 . . . ∂Kn∂K
V p(K1, . . . ,Kn,K) m−a.e.
for 0 < p ≤ ∞.
Proof. We observe that for a given K the limit
∂
∂K
hp(X
1
T , . . . ,X
n
T ,K1, . . . ,Kn,K) = −1hp(XT ,K,K)>0
exists and is uniform on compact subsets of
¬(hp(XT ,K, 0) = K)
whose complement is m-null. Hence,
∂
∂K
IE(hp(X
1
T , . . . ,X
n
T ,K1, . . . ,Kn,K))
= −Q(hp(X
1
T , . . . ,X
n
T ,K1, . . . ,Kn, 0) > K),
since Q is a Radon measure. By using the σ-additivity of Q we obtain that
limK→0+ Q(hp(XT ,K,K) > 0) = Q(limK→0+ hp(XT ,K,K) > 0) exists for
(K1, . . . ,Kn). Thus, by keeping the definition of hp in mind, it is easy to
see that
lim
K→0+
∂
∂K
V p(K,K) = −Q
(∨
i
(XiT > Ki)
)
= Q
(∧
i
(XiT ≤ Ki)
)
− 1.
The argument is finished similarly as in the proof of Theorem 2.1 and the
order of taking the limit can be changed according to the monotone conver-
gence theorem. 
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We note that for n = 2 and p = 1 the above state price density can be
expressed in an alternative form due to the fact that
D(−1,−1,1)V
1(K1,K2,K) = −Q(X
1
T ≥ K1 ∧X
2
T ≥ K2).
That is,
dQ
dm
(K1,K2) =
∂2
∂K1∂K2
(
∂V 1
∂K1
+
∂V 1
∂K2
−
∂V 1
∂K
) m−a.e.
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